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Abstract
The reaction yield for conversion of p-nitrobenzaldehyde (PNB) to an aldol product in amine-functionalized
mesoporous silica nanoparticles (MSN) exhibits a 20-fold enhancement for a modest increase in pore
diameter, d. This enhanced catalytic activity is shown to reflect a strong increase in the “passing propensity,” ?,
of reactant and product species inside the pores. We find that ? ≈ 0, corresponding to single-file diffusion,
applies for the smallest d which still significantly exceeds the linear dimensions of PNB and the aldol product.
However, in this regime of narrow pores, these elongated species must align with each other and with the pore
axis in order to pass. Thus, ? reflects both translational and rotational diffusion. Langevin simulation
accounting for these features is used to determine ? versus d. The results are also augmented by analytic theory
for small and large d where simulation is inefficient. The connection with the catalytic activity and yield is
achieved by the incorporation of results for ? into a multi-scale modeling framework. Specifically, we apply a
spatially coarse-grained (CG) stochastic model for the overall catalytic reaction-diffusion process in MSN.
Pores are treated as linear arrays of cells from the ends of which species adsorb and desorb, and between
which species hop and exchange, with the exchange rate reflecting ?. CG model predictions including yield are
assessed by Kinetic Monte Carlo simulation.
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The reaction yield for conversion of p-nitrobenzaldehyde (PNB) to an aldol product in amine-
functionalized mesoporous silica nanoparticles (MSN) exhibits a 20-fold enhancement for a modest
increase in pore diameter, d. This enhanced catalytic activity is shown to reflect a strong increase
in the “passing propensity,” P, of reactant and product species inside the pores. We find that
P ≈ 0, corresponding to single-file diffusion, applies for the smallest d which still significantly
exceeds the linear dimensions of PNB and the aldol product. However, in this regime of narrow pores,
these elongated species must align with each other and with the pore axis in order to pass. Thus,P
reflects both translational and rotational diffusion. Langevin simulation accounting for these features
is used to determineP versus d. The results are also augmented by analytic theory for small and large
d where simulation is inefficient. The connection with the catalytic activity and yield is achieved by
the incorporation of results for P into a multi-scale modeling framework. Specifically, we apply a
spatially coarse-grained (CG) stochastic model for the overall catalytic reaction-diffusion process in
MSN. Pores are treated as linear arrays of cells from the ends of which species adsorb and desorb, and
between which species hop and exchange, with the exchange rate reflecting P. CG model predic-
tions including yield are assessed by Kinetic Monte Carlo simulation. Published by AIP Publishing.
https://doi.org/10.1063/1.5037618
I. INTRODUCTION
There has long been heuristic recognition that the occur-
rence of single-file diffusion (SFD) inside catalytically-active
nanopores can lead to a strong reduction in reactivity for
catalytic conversion.1–5 For SFD, molecular species cannot
pass each other due to steric constraints,6,7 and its occur-
rence has been demonstrated for diffusion of various molecular
species in zeolites.8,9 For irreversible conversion, reactants
enter the pore and convert to products at catalytic sites, but SFD
impairs product removal and the entire pore center becomes
exclusively populated with products.10 Consequently, reac-
tant population, and thus reactivity, is limited to near pore
openings. For reversible conversion, just the excess reac-
tant concentration above the equilibrium value is localized
near pore openings. However, the same conclusion applies
regarding limited reactivity. This behavior can be verified by
coarse-grained stochastic modeling and Kinetic Monte Carlo
(KMC) simulation1–5,10 and also by a generalized hydrody-
namic theory which captures the subtle interplay between SFD
and fluctuations in adsorption-desorption processes at pore
openings.11
a)Author to whom correspondence should be addressed: evans@ameslab.gov
SFD applies for sufficiently narrow nanopores, but this
constraint is clearly relaxed as the pore diameter is increased.
Consequently, penetration of reactant into the pore, and
thus reactivity, should increase with increasing pore diame-
ter.10 This increased reactivity is controlled by the enhanced
propensity for reactants and products to pass each other with
increasing pore diameter. However, systematic experimental
exploration of associated behavior has been lacking, as has
theoretical investigation of this key passing propensity,P, for
system-specific molecular models of catalytic systems. One
exception is a prescient analysis ofP based on transition state
theory for the passing propensity of methane and ethane in
zeolites.12
Mesoporous silica nanoparticles (MSN) provide a natural
platform within which the above phenomena can be investi-
gated.13–15 MSN can be readily synthesized with a range of
nominal pore diameters from 2 to 10 nm. Also, MSN have
been successfully functionalized to provide effective catalysts
for a variety of solution-phase reactions.16–18 It is certainly the
case that the solvent phase, and the mixed solvent + reactant
+ product phase, inside the pore can have distinct properties
than in the external fluid. For example, formation of ordered
layers of water against the mesoporous silica pore walls is
possible.19 However, it is also expected that for pore diam-
eters in the range considered here at least the pore center is
close to a bulk liquid-like state.19 In fact, other studies have
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demonstrated that the freezing temperature of water can be
strongly suppressed in mesoporous silica, i.e., confinement
mesopores favor a fluid state over a solid state.20 In addi-
tion, there have been numerous studies quantifying solution-
phase like diffusion of various molecular species inside silica
mesopores, including functionalized pores.21–23
Of particular relevance for this study, there have been mul-
tiple studies of aldol and nitroaldol condensation reactions in
functionalized MSN catalysts.24–26 To provide a benchmark
for our multiscale modeling study, we draw upon experiments
for the conversion of p-nitrobenzaldehyde (PNB) to an aldol
product, 4-hydroxy-(4-nitrophenyl)-2-butanone, by reaction
with acetone in amine-functionalized MSN. Both acetone and
hexane serve as solvents. In these studies, the MSN have diam-
eters of 100-200 nm and are traversed by a hexagonal array of
parallel linear nanopores with no connections between pores,
with a range of nominal pore diameters from 2.8 nm up to about
5 nm. Reaction yield was observed to be high for the largest
pore diameters but dropped dramatically for a smaller diameter
of 2.8 nm. However, the longest dimensions of the reactant and
product species are about 1.0 nm for PNB and 1.4 nm for the
aldol product (and 0.6 nm for acetone) well below the small-
est diameter. Furthermore, the shortest molecular dimensions
in an orthogonal direction are significantly smaller. Thus, one
might anticipate that even in the narrowest pores, there is plenty
of room for passing. However, actually the effective pore
diameter, d = dp(eff), of the narrowest pore is reduced below
1.5 nm during the reaction by attachment of reactant species
at the pore walls.18 We will propose that this feature allows
a transition at least close to the SFD regime for the small-
est d, thereby explaining the dramatic variation in reaction
yield.
Theory, modeling, and simulation have the potential to
provide detailed insight into the above behavior. Appro-
priate analysis of energetics from ab initio based formu-
lations can potentially assess key reaction barriers and
mechanisms.27 Molecular Dynamics (MD) simulations are
beginning to achieve sufficient fidelity to unravel specific fea-
tures of cooperative reaction processes at solid-solution inter-
faces including assessment of the fluxional dynamics of sur-
face functional groups.28 Indeed, both these approaches have
been successful in providing detailed molecular-level insight
for the catalytic processes of interest here. However, the goal
and nature of the current theoretical effort is somewhat differ-
ent being focused on elucidating the experimentally measured
reaction kinetics. Furthermore, our goal is to go beyond tradi-
tional mean-field treatments of kinetics29 in order to reliably
treat the subtle interplay between inhibited transport and reac-
tion in determining catalytic yield. To address these challenges,
detailed MD analysis is not viable as it cannot assess the experi-
mental time scales for this large complex many-species system.
Thus, our approach instead will utilize a novel multiscale
modeling framework with distinct non-trivial components.
Specifically, we will incorporate a Langevin-based assessment
of molecular passing propensity in narrow pores into coarse-
grained stochastic modeling of the overall reaction diffusion
process.
We should emphasize several complexities associated
with the key initial challenge of assessing the variation of the
passing propensity, P = P(d), with pore diameter d for the
above reaction system. Both PNB reactant and aldol type prod-
uct species can be regarded as elongated molecules with their
longest dimensions significantly exceeding those in the orthog-
onal directions. Thus, for the narrowest range of pores where
passing is still possible butP is small, the alignment of these
species with each other and also with pore axis will clearly
be required for passing. As a result, both translational and
rotational diffusion and any coupling between them will play
a key role and must be described effectively for the accu-
rate prediction of P. Ideally, again, MD including a single
reactant-product pair, as well as an explicit treatment of sol-
vents and a detailed treatment of the functionalized pore wall
structure, would provide the most reliable assessment of P.
Unfortunately, even here, it is difficult to use MD to assess rare
passing events for narrow pores which we shall see require
O(105) simulation trials to precisely determineP. We should
however note that analysis of the rare dynamical events is
a long-standing and still developing field30–32 and that the
associated approaches could potentially be applied to facil-
itate more computationally efficient analysis of rare passing
events.
However, rather than performing such MD simulations
with an explicit solvent, a key component of our analysis ofP
will utilize two-particle overdamped Langevin simulations33
with rigid reactant and product species and an implicit treat-
ment of the solvent to track the solvent-mediated evolution
of the six degrees of freedom for each of these species. This
approach allows significantly longer time steps in numeri-
cal simulation of the dynamics in order to more efficiently
determine P. An illustration of the basic features of these
simulations is shown in Fig. 1. This analysis will be aug-
mented exploiting analytic results motivated by the equivalent
Fokker-Planck formulation for this diffusive passing problem
and associated first-passage problems.34 We also utilize ana-
lytic results which provide insight into the form of P(d) for
both large and small d where Langevin simulation is ineffi-
cient. For example, for small d, these analytic results reveal a
non-trivial scaling of the form34 P ∼ A(d – dc)σ for d just
above the critical value, dc, of the pore diameter for the onset
of SFD due to steric blocking.
However, as indicated above, connection with the exper-
imentally observed reaction yield also requires incorporation
of results forP into a suitable multiscale modeling framework
FIG. 1. Illustration of Langevin simulations where reactant and product
species start “adjacent” to each other in the pore and subsequent evolution
is tracked leading to either suitably defined passing or separation.
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which can describe the complex heterogeneous many-particle
catalytic reaction-diffusion system on the appropriate time
scales and length-scales. We will apply a spatially coarse-
grained stochastic model10 wherein the pores are treated as
linear arrays of cells. Reactant and product species adsorb
and desorb from the end cells at the pore openings, hop
to adjacent unoccupied cells, and exchange between adja-
cent occupied cells within the pore, at appropriate rates.
The rate of exchange of the PNB reactant and aldol prod-
uct type species reflectsP. Within this multiscale approach,
an additional issue is the appropriate or consistent deter-
mination of P in the context of “parameter passing” from
two-particle Langevin analysis to the coarse-grained modeling
framework.
In Sec. II, we provide a brief description of the experi-
ments and an overview of several different components of the
multiscale modeling. The latter includes a description of the
following: the development of the appropriate geometric mod-
els for reactant and product species; formulation of strongly-
damped Langevin (i.e., Brownian) dynamics for translational
and rotational degrees of freedom; determination of the 6 × 6
translation-rotation diffusion tensors required as input for the
Langevin simulations; appropriate formulation of the passing
propensity; and the coarse-grained modeling formulation. Sec-
tion III presents detailed results from theory and simulations
for the 6× 6 diffusion tensors, for the passing propensity versus
the pore diameter obtained from Langevin simulations, and for
the catalytic activity versus the pore diameter obtained from
the coarse-grained simulations. Conclusions are provided in
Sec. IV.
II. OVERVIEW OF EXPERIMENT AND MULTISCALE
MODELING FORMULATION
A. Further experimental details
We first comment further on the synthesis of the func-
tionalized MCM-41 type MSN and on the pore wall struc-
ture during reaction. The synthesis procedure utilized a pore
expander agent to achieve a range of pore diameters and also
involved co-condensation wherein amine groups are incor-
porated during synthesis rather than by post-synthesis graft-
ing. See Ref. 25 for further details. For the experiments on
which we focus, pore diameter amine-functionalized MSN or
AP-MSN have the measured values dp(AP-MSN) = 2.8, 3.3,
and 3.6 nm. These dimensions were estimated by measuring
nitrogen sorption isotherms and applying Brunauer-Emmett-
Teller and Barrett-Joyner-Halenda methods of analysis. How-
ever, experimental analysis indicates that the effective diame-
ter of the pore is significantly further reduced from the above
values as a result of reaction. It was proposed, and confirmed by
NMR studies,25 that PNB reacts with the aminopropyl groups
on the functionalized pore walls to form a Schiff base. To
obtain a rough assessment of the effective pore diameter during
reaction, we have estimated the additional distance, δL(Schiff-
amine) ≈ 0.75 nm (see the supplementary material), that the
larger Schiff base protrudes toward the pore center relative to
the smaller amine groups. Given that the Schiff base is attached
all around the MSN pore diameter protruding further into the
pore center than the amine groups, one obtains an estimate
of the effective pore diameter of d = dp(eff) ≈ dp(AP-MSN)
− 2δL(Schiff-amine) ≈ 1.3, 1.8, and 2.1 nm corresponding to
the values of dp(AP-MSN) listed above.
With this reduced effective diameter, it is reasonable to
anticipate that effects of inhibited passing of reactant and
product species could significantly reduce reactivity for the
narrowest pore with d = 1.3 nm. It should be noted that experi-
mental estimation of the diameter of the smallest pore after
reaction by nitrogen sorption yielded a crude higher esti-
mate around 2 nm. However, the instrument cannot assess
diameters below 2 nm. Also, the configuration of the surface
pendant groups on dried samples analyzed in these studies
could be quite different than in the solution, and also adsorp-
tion studies may not probe the effective diameter relevant
for assessing SFD. Finally, we note that formation of the
Schiff base also inhibits the access of PNB to amine cat-
alytic sites, so this effect can also reduce the local reactivation
rate.
The conditions for the catalytic reaction study on which
we focus were as follows: 3 mol. % catalyst, 0.39 mmol PNB,
1.5 mL acetone, and 1.5 mL hexane. Acetone is present in
excess as a reactant and also as a solvent, and hexane is present
as a solvent. There is limited expansion of the acetone + hex-
ane solution upon dissolution of PNB implying that there are
about Xb = 0.08 PNB molecules per nm3 in the bulk solution
external to the MSN. However, PNB is not soluble in hexane,
but only in acetone, which implies a preference for PNB to be
located inside the MSN pores rather than in the bulk solution.
Inside the pore, proximity to the pore walls can reduce the
interaction of PNB with hexane. In addition, there is an affin-
ity of PNB for the pore surface due to interaction between the
carbonyl (and nitro) and the surface silanol groups. Thus, one
expects a substantially higher concentration, Xp, of PNB inside
the MSN pores relative to the external bulk solution. This fea-
ture will prove an important factor in determining the reaction
kinetics.
The reaction was run at 60 ◦C for 2 h. The yield after
2h was measured in terms of percentage or fractional con-
version, α, of the PNB reactant to the 4-(4-nitrophenyl)-
2-butanone aldol-type product through reaction with excess
acetone nearby catalytic sites inside the pores. As an aside,
we note that conversion (the fraction of the starting reac-
tant which has been lost during reaction) will not exactly
match the yield (how much of a particular product is
formed) since some of the PNB reactant is lost in form-
ing the Schiff base and also since there is a small amount
of secondary product (although aldol dominates under our
conditions). However here we ignore this difference. Con-
version, α, as a function of the effective pore diameter,
d = dp(eff), is shown in Table I. The central question is whether
this dramatic, roughly 20×, decrease in yield from larger to
smaller d is consistent with a transition to a (near-)SFD regime
TABLE I. Experimental conversion, α, versus the effective pore diameter,
d = dp(eff).
Eff. pore diameter d = dp(eff) (nm) 1.3 1.8 2.1
Conversion α at 2 h (%) 2 32 47
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for the smallest pore diameter. As an aside, a similar variation
in yield has also been found for higher catalyst concentrations,
11.3 mol. % (versus 3 mol. % used above). Again, the yield is
about 2% for d = dp(eff) = 1.3, and it increases to 65% for
d = dp(eff) = 3.2 nm. Studies for other conditions (e.g., a 3 h
reaction run versus 2 h) also lead to consistent results, although
they suggest some uncertainty in the estimate of the yield for
the smallest dp. One final observation is that studies of this
reaction for a different class of SBA-15 type MSN (rather than
MCM-41 MSN) with larger pore widths achieved conversions
of around 90% after 2 h. This indicates that while the reac-
tion is not strictly irreversible, equilibrium is strongly biased
toward the product under these reaction conditions. See Sec.
S1 of the supplementary material.
B. Molecular-level models for reactant
and product species
Our Langevin simulations treating the solvent implicitly
as a continuous viscous fluid (see Sec. II C), determining the
passing propensity, P, of a single reactant-product pair (see
Sec. II D), will require a reasonable description of these species
and of the pore geometry. To this end, each of these species
is treated as a rigid molecule with steric non-overlapping con-
straints between the molecules themselves and also between
the molecules and the pore wall. The pore is described by a
cylindrical geometry. Clearly, it is important for the molecular
models of the reactant and product to accurately capture both
their size and shape, as these determine the minimum or crit-
ical pore diameter, d = dc, above which passing is possible.
A reliable description of the shape is also essential to capture
the ease of passing for slightly larger pores where the align-
ment of molecules with themselves and with the pore axis is
necessary. A detailed model could represent all 16 atoms in
PNB (3 O, 1 N, 7 C, 5 H) as overlapping spheres with the
appropriate van der Waals radii and similarly could represent
all 26 atoms in the aldol product (4 O, 1 N, 10 C, 11 H). See
Figs. 2(a) and 2(c) for schematics of such detailed models. Sec.
S2 of the supplementary material provides a complete listing
of atom positions and sizes obtained from the NCBI PubChem
database. The origins in Figs. 2(a) and 2(c) are the center of
mass, and the axes correspond to the listed coordinates. How-
ever, at each step of the simulation with this detailed model,
it would be necessary to check the overlap between 16 × 26
= 416 possible pairs of spheres with atom one in each of the
species.
To reduce this computational cost, we instead utilize
somewhat simplified “steric” models with fewer spheres but
which still reliably capture the overall size and shape of the
reactant and product species. For PNB, two C and one N are
in the center of the molecule, and removal of the associated
spheres does not significantly affect the overall molecular size
or shape. Also, the five remaining peripheral C−−H pairs can be
replaced by a single sphere, which is shifted slightly outward
from the actual C position to better capture the outer boundary
of the overall PNB molecule. However, we retain the actual
radius for C in order to capture the “thickness” of the PNB.
The resulting planar 8-sphere molecule reasonably captures
the size and shape of the 16-atom PNB species. See Fig. 2(b).
For the aldol product, one end of this molecule including 2 O,
FIG. 2. Images of reactant and aldol product species showing all atoms
as spheres on the left and simplified steric models used in the Langevin
simulations on the right.
1 N, 6 C, and 4 H is the same as PNB, so again the central N
and two C are removed, and each of the four additional periph-
eral C−−H pairs are replaced by a single sphere. The remaining
significantly out-of-plane 13 atoms (2 O, 4 C, 7 H) are repre-
sented by two larger suitably positioned spheres. The resulting
8-sphere model for the aldol product also reasonably captures
its overall size and shape. See Fig. 2(d) and the supplementary
material for more details. The origin and axes in Figs. 2(b)
and 2(d) are preserved from Figs. 2(a) and 2(c).
The 8-sphere reactant and 8-sphere product steric mod-
els will be utilized in our Langevin simulations to deter-
mine the passing propensity. These require overlap checks
for only 8 × 8 = 64 (versus 416) pairs of spheres after each
move. Note, however, that these models have either low (pla-
nar) or no symmetry. This latter feature will be reflected
in our analysis of diffusivity, which will also utilize fur-
ther slightly simplified 8-sphere models in order to exploit
an available hydrodynamic framework to determine diffu-
sivity for general molecular shapes.35 Finally, we note that
a simpler and more computationally efficient approach to
describe the molecular shape in the Langevin simulations
might be to use general triaxial ellipsoids with sizes and
shapes selected, attempting to best match those of the reac-
tant and product.36–38 A theory of diffusivity is available
which shows that the diffusivity for such general ellipsoids
can match that of the most (but not all) general 3D molecular
shapes.39 See Sec. S3 of the supplementary material. How-
ever, the higher fidelity of our 8-sphere models in matching
molecular shape should justify the additional computational
expense.
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Finally, we remark that it will be useful to consider
inscribing spheres surrounding the reactant (R) and product
(P) species with centers at the center of mass and with radii
RR and RP, respectively. Thus, their longest dimensions of
the reactant and product are given by 2RR ≈ 1.03 nm and
2RP ≈ 1.39 nm, respectively, as noted in Sec. I. In addition,
the shortest dimensions of the reactant and product species,
which are in a direction orthogonal to the longest dimension,
will be particularly significant for our analysis. These deter-
mine the critical diameter, dc, of the cylindrical pore below
which SFD is imposed due to steric blocking of passing of
PNB and aldol product species. For our geometric models of
these species, we estimate that dc = dc(eff) = 0.93 nm.
C. Determination of the 6 × 6 diffusion tensors
for PNB and the aldol product
Non-trivial theoretical analysis is required for estima-
tion of the complete 6 × 6 tensor, D, which describes
both translational and rotational diffusion, and the coupling
between them, for general shaped species immersed in a sol-
vent.40–42 However, it is instructive to note that some insight
into the overall translational (and rotational) diffusion coef-
ficients, Dt (and Dr), can be provided through approximate
Stokes-Einstein-Debye (SED) relations which follow from a
hydrodynamic treatment wherein the solvent is taken as a con-
tinuum viscous fluid. These SED diffusion coefficients have
the form
Dt = kBT/[6piηReff ] and Dr = kBT/[8piη(Reff )3], (1)
with units of (distance)2/time for Dt and (radian)2/time for
Dr , and where η denotes the fluid viscosity, and Reff the effec-
tive hydrodynamic radius of the particle. These treatments are
designed for macroscale objects immersed in a fluid. They
should be used with caution on the molecular scale, although
sometimes they are surprisingly effective.43,44 Given the chal-
lenge of obtaining the full 6× 6 diffusion tensor, we will utilize
a hydrodynamic formulation,35 noting that for our applica-
tion only the relative (and not the absolute) magnitudes of the
diffusion coefficients are relevant.
The 6 × 6 diffusion tensor, D, described below is deter-
mined with respect to a prescribed tracking point (TP) embed-
ded in the reactant or product species, and also with respect
to a set of body-fixed axes, the origin for which is the track-
ing point. Any tracking point can be utilized (including the
center of mass), but the entries in the diffusion tensor depend
somewhat on both its choice and on the choice of body-fixed
axes. The diffusion tensor, D, and a corresponding related
6 × 6 grand resistance (or friction) tensor, Ξ ≡ kBTD−1, are
naturally partitioned into 3 × 3 blocks, which correspond to
translation (tt), rotation (rr), and translation-rotation coupling
(tr and rt) as35
D = *,
Dtt Drt
Dtr Drr
+- = kBT*,
Ξ tt Ξ rt
Ξ tr Ξ rr
+-
−1
. (2)
In general, Dtr and Drt are not symmetric. However, one has
that Drt = DtrT and Ξ rt = Ξ trT where T denotes the transpose,
thus imposing symmetry on the overall 6 × 6 matrix. The
overall translational diffusion coefficient is recovered from the
6 × 6 tensor via Dt = 1/3Tr(Dtt) and the overall rotational
diffusion coefficient via35 Dr = 1/3Tr(Drr).
For some molecular shapes with sufficient symmetry, and
always for 2D systems,40–42 there exists a point called the
center of hydrodynamic stress (CoH) for which translation-
rotation coupling vanishes, i.e., Dtr = Drt = 0.35,45 However,
such a CoH will not exist for the 3D shapes of relevance in
this study. There only exists a center of diffusion for which Dtr
and Drt, are individually symmetric.35,45 Finally, we remark
that according to hydrodynamic theory, the diffusion tensor
and specifically the above centers are not fixed for a molecular
species in the presence of confinement but can vary according
to the position and orientation relative to the boundaries.45
However, we just use a fixed tracking point for simplicity.
The formulation which we use to determine the diffusion
tensors is described in a review by Carrasco and Garcia de la
Torre.35 It is based on models for molecules either composed
of groups of equal sized overlapping spheres46 or multiple such
groups which do not overlap each other and where spheres can
have different sizes in different groups.47 The steric models
for PNB and the aldol product used for the Langevin simu-
lations thus require further slight modification to apply this
formulation. For PNB, we make a minor adjustment to the
8-sphere Langevin model making all spheres equal in size.
For the aldol product, positions of the two larger spheres rep-
resenting the 13 atoms at one end of the molecule are adjusted
not to overlap the smaller spheres representing the remainder
of the molecule. See Sec. S2 of the supplementary material.
Specific results for D for PNB and for the aldol product will
be presented in Sec. III A.
D. Langevin modeling of the diffusional dynamics
of reactant-product pairs
The motion of an individual reactant or product species is
described by Brownian dynamics, i.e., overdamped Langevin
dynamics, through a viscous isotropic homogeneous fluid rep-
resenting the implicit solvent.45,48 In addition, there are non-
overlapping constraints with the other species (i.e., the aldol
product cannot overlap the PNB reactant and vice versa) and
with the walls of the cylindrical nanopore. To describe the cou-
pled translational and rotational Brownian motion for a single
species, it is convenient to introduce a 6-component state vec-
tor, Q, for each molecule which includes 3 components for
the position, r, of a specified tracking point in the molecule
(see below) and 3 orientation angles, θ. Components will be
labeled i = 1-3 for translation and i = 4-6 for rotation. Then, the
velocity vector d/dt Q includes 3 components specifying trans-
lational velocity, v, and 3 components for angular velocity, ω.
Overdamped motion is determined by a balance between (i)
drag forces and torques described by a 6-component vector
Fdrag, and (ii) random forces and torques described by another
6-component vector, Frand . The relationship between (a) the
translational and angular velocities and (b) the drag forces and
torques has the form
Fdrag = −Ξd/dt Q, (3)
where the symmetric Ξ denotes the 6 × 6 grand resistance (or
friction) tensor mentioned in Sec. II B, which can be obtained
from the 6 × 6 diffusion tensor via Ξ ≡ kBTD−1. Note that
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M = Ξ−1 corresponds to a grand mobility tensor. The random
force, Frand , has zero mean and has an amplitude determined
by the fluctuation-dissipation relations so that
<Frand(t) > = 0 and < Firand(t)Fjrand(t ′) >
= 2kBTΞi,jδ(t − t ′), for i, j = 1 − 6. (4)
Our analysis of Langevin dynamics will use both a sim-
plified description of diffusivity relative to real systems and
also simplified numerical algorithms. In general, there are
finite interactions between the diffusing reactant and product
species and between these species and the wall. Also the dif-
fusivity can depend on the location of the molecule relative
to any boundary such as the pore wall. However, consistent
with our model, we adopt a simplified treatment including
only steric interactions. In addition, we ignore confinement
effects and adopt for simplicity a configuration-independent
diffusivity (and thus mobility) in the body-fixed frame corre-
sponding to that of the isolated molecule in an infinite fluid.
Given this configuration-independent body-fixed D tensor, we
first determine its “square root,” µ, and then directly eval-
uate incremental motion in the body-fixed frame according
to
dQ =
√
2µWdt, where µ = D1/2 = (kBT )1/2Ξ - 1/2, (5)
and W is a column vector of normally distributed random num-
bers with zero mean and unit variance. At each time step, after
incrementally propagating positions and orientations for both
reactant and product, we check for an overlap and reject the
move should such a configuration occur. Finally, we transform
updated coordinates back to the space-fixed reference frame to
facilitate tracking of the configuration of both species within
the pore. One caveat is that this simple and efficient numer-
ical algorithm does not precisely account for stochastic drift
terms,45,48 but we anticipate that these terms and their treat-
ment will not significantly affect resulting passing propensity
values. Further technical details including the numerical inte-
gration protocol are given in Sec. S4 of the supplementary
material.
E. Langevin modeling of the passing propensity
of reactant-product pairs
Langevin dynamics simulations for a PNB reactant and
an aldol product pair, incorporating diffusion tensors as
prescribed in Sec. II C, are used to assess a suitably defined
passing propensity, P. We establish a space-fixed Carte-
sian axis system with the z-axis along the pore axis and
the (x, y)-axes in the orthogonal directions. Our strategy
is to formulate the definition and determination of P in
the Langevin simulations so as to be consistent with the
spatially discrete coarse-grained (CG) model described in
Sec. II F to which this parameter is “passed.” The cell
width, w, in this spatially discrete CG model will be
chosen based on the characteristic linear dimensions of
the reactant and product species. Specifically, we assign
w = RR + RP, where again RR and RP are the radii of the inscrib-
ing spheres for the reactant and product species, respectively.
Thus, for the reactant and product located in adjacent cells,
the difference, ∆z, of z-coordinates of the centers is ∆z = +w.
Passing corresponding to exchange leads to ∆z = −w and sep-
aration where either species hops to neighboring empty cells
leads to ∆z = +2w.
Thus, to match these scenarios in our Langevin simula-
tions, we start with PNB on the left, say, and the aldol product
on the right with the ∆z = ∆z0 = +w. Thus, in this initial config-
uration, the reactant and product species do not interact with
each other (i.e., they cannot overlap), and they are chosen so
that their other coordinates (x, y, and orientations) are ran-
domly distributed within the constraints of not overlapping
the pore wall. The simulation is run until either ∆z reaches
+2w, which is designated as the separation of the reactant and
product, or ∆z reaches −w, which is designated as passing.
See Fig. 3. The passing propensity is extracted from running
typically O(105) simulations and defining P = Ppass as the
fraction of these in which passing (rather than separation) is
achieved. If Psep is the fraction of outcomes corresponding to
separation, then Psep + Ppass = 1. This process is repeated for
various pore diameters, d = dp(eff), to obtain P = P(d) as a
function of pore diameter, d. We will present numerical results
for P(d) versus d in Sec. III B.
By definition, P(d) → 0, as d → dc (the critical diam-
eter for SFD). The non-trivial scaling behavior for d close
to dc will also be discussed in Sec. III B. In the regime of
large d, it follows that there is negligible interference between
the diffusion of PNB and the aldol product. As a result,
determination of the passing propensity reduces to a simpler
process corresponding to a first-passage problem for a one-
dimensional random walk (RW) with traps.49 Specifically, the
RW in ∆z starts at ∆z = ∆z0 = +w and evolves in the interval
FIG. 3. Langevin analysis of passing propensity. Examples of an (a) initial configuration, (b) final configuration for passing, and (c) final configuration for
separation.
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FIG. 4. Schematic of the coarse-grained spatially discrete stochastic reaction-diffusion model for catalytic conversion in linear nanopores.
−w ≤ ∆z ≤ +2w until reaching a “trap” either at ∆z = +2w
(corresponding to separation) or at ∆z = −w (corresponding
to passing). Since the change in ∆z for separation is one half
of that for passing, it follows from RW theory that Psep:Ppass
= 2:1. Consequently, one has thatP(d)→ 1/3, as d →∞.
F. Coarse-grained modeling of the overall
reaction-diffusion kinetics
Many-particle MD analysis of the solution-phase reac-
tion system with an explicit solvent, or even many-particle
Langevin dynamics with an implicit treatment of solvents, can-
not access the appropriate time scales for the overall catalytic
reaction-diffusion process of interest. Thus, we implement a
spatially discrete coarse-grained description of the process
where each pore is divided into a linear array of cells.10 The
width of the cells matches to the characteristic linear dimen-
sion of reactant and product species. Specifically, we assign
w = RR + RP as noted in Sec. II E so that w ∼ 1 nm. The
cell volume is thus somewhat above 1 nm3. Each cell can
contain at most one PNB reactant (R) or aldol product (P)
species, where other solvent species are treated implicitly.
Again, these solvent species include both hexane and the reac-
tant acetone which is present in excess. Diffusion of PNB and
aldol product species within the pores is described by hopping
to adjacent unoccupied cells at rates h = hR and hP, respec-
tively. We emphasize that here unoccupied means that cells
are not populated by either PNB or aldol product, not that
cells are free of solvents. Diffusion also occurs by exchange
of PNB and the aldol product species between adjacent pop-
ulated cells at rate hex = ½(hR + hP)Pex. Thus, Pex serves as
a measure of the passing propensity. Furthermore, Pex = 0
corresponds to SFD since, without exchange, the prescribed
hopping dynamics imposes a single-file constraint on PNB and
the aldol product. We assign all cells as catalytically active and
prescribe that the reaction of PNB to the aldol product occurs
in each cell populated by PNB at a microscopic rate k per
cell. One can readily refine the model to incorporate, e.g., a
reversible reaction for any specified equilibrium constant. See
Fig. 4 for a schematic of this spatially-discrete stochastic CG
model.
The results for P values from the appropriately crafted
Langevin simulations in Sec. II E are used determine the
parameter Pex. To clarify the relationship between these quan-
tities, consider the coarse-grained model with a pair of isolated
PNB reactant and aldol product species in adjacent cells with
PNB on the left, say, and the aldol product on the right so that
∆z = +w in this configuration. The following distinct events
can occur starting from this initial configuration: (i) PNB and
the aldol product can exchange with rate ½(hR + hP)Pex cor-
responding to passing and resulting in ∆z = −w; (ii) the PNB
can hop left at rate hR, or the aldol product can hop right at
rate hP, either event corresponding to separation and resulting
in ∆z = +2w. Consequently, the passing propensity is given
by
P = 1/2(hR + hP)Pex/[1/2(hR + hP)Pex + (hR + hP)]
= Pex/(2 + Pex). (6)
As a result, given P obtained from the Langevin sim-
ulations, the corresponding Pex can be determined from
Pex = 2P/(1 −P). This Pex can vary from 0 to 1.
It is also necessary to consider adsorption and desorption
of PNB reactants and aldol products at the pore openings.10 Of
course, at the onset of the reaction with negligible conversion,
adsorption of product will also be negligible. The adsorption
rate will control the concentration of PNB reactant and aldol
product in the pore, and it will be selected in the simulations
to achieve appropriate concentrations.
Precise analysis of this spatially discrete stochastic model
is achieved by Kinetic Monte Carlo (KMC) simulation wherein
processes are implemented with probabilities proportional
to their physical rates.10 For any specified conversion, α,
of reactant to product in the external fluid, the concentra-
tion distribution of the reactant and product within the pore
quickly achieves a quasi-steady state from which the reac-
tivity for that conversion can be determined. There are sub-
stantial fluctuations in concentration within a single pore.
However, mean behavior of concentration distributions at a
specific α, and thus of reactivity, is determined precisely by
averaging over many simulations, analogous to the automatic
averaging over many pores in MSN in the actual reaction sys-
tem. Alternatively, one can average a single simulation over
time for fixed α to obtain precise mean values. Such simula-
tions reveal negligible penetration of reactant into the pore
for SFD as noted in Sec. I,2,5 (except for extremely small
values of k/h). Reactant penetration naturally increases with
increasing Pex.10 Also, for this model,50 one finds that reac-
tivity decreases linearly to zero with increasing conversion,
α. Thus, analysis of reactivity at the onset of reaction (i.e.,
for negligible conversion) can provide a complete picture of
kinetics.
III. MULTISCALE MODELING RESULTS
A. 6× 6 diffusion tensors for PNB and the aldol product
Diffusion tensors are determined using the formulation of
Ref. 35 for the models of PNB and the aldol product described
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in Sec. II B. The body-fixed axes for PNB and aldol product
are shown in Fig. 2. For PNB, (x, y)-axes are in the plane of the
molecule with the x-axis in the direction of the longest dimen-
sion, and the z-axis is out-of-plane. For the aldol product, one
end of which has the same structure as PNB, the axes are
chosen analogously to PNB with the x-axis in the direction
of the longest dimension. As noted in Sec. II E, any body-
fixed location can be used as the tracking point in simulations.
This includes the center of mass which however is not intrin-
sically related to diffusion behavior. Thus, we use a slightly
shifted tracking point (TP) for the calculation of diffusion ten-
sors which is closer to the center of diffusion (cf. Ref. 35).
However, this slight change in TP makes little difference to
even the dominant diagonal entries in the diffusion tensors.
See Sec. S3 of the supplementary material. For the 6 × 6 dif-
fusion tensors, D, components i = 1, 2, and 3 corresponding
to translational degrees of freedom are in the direction of x-,
y-, and z-axes, respectively. Components i = 4, 5, and 6 corre-
spond to the rotational degrees of freedom, which specifically
correspond to rotations about the x-, y-, and z-axes, respec-
tively. Distances are measured in angstroms. In our analysis,
the solvent fluid viscosity, which implicitly incorporates the
time scale, is set to unity. Since our simulation analysis of
and results for passing propensity depend only on the relative
magnitude of diffusion coefficients, the absolute values are not
required.
For PNB, results for the 3 × 3 blocks of D are
Dtt(PNB) =
*..,
1.77 0.006 0.000
0.006 1.59 0.000
0.000 0.000 1.47
+//- × 10
−2
, (7a)
Dtr(PNB) =
*..,
0.00 0.01 −1.00
−0.01 0.00 −0.27
−1.00 0.24 0.00
+//- × 10
−5
, (7b)
Drr(PNB) =
*..,
6.47 −0.011 0.000
−0.011 4.71 0.000
0.000 0.000 4.26
+//- × 10
−4 (7c)
so that Dt = 1.61 × 10−2 and Dr = 5.14 × 10−4 (in the units
specified above). Given the near planar molecular structure,
the coupling in Dtt between the x-component or y-component
and the out-of-plane z-component is very weak. The coupling
between the x- and y-coordinates is more than two orders of
magnitude stronger, although Dtt is still near-diagonal. The
magnitude of the diagonal entries reflects the cross section
orthogonal to the axis, smaller cross sections correspond-
ing to larger translational diffusion coefficients. Similarly,
Drr is also near-diagonal, with the largest entry correspond-
ing to rotation about the x-axis which presents the small-
est cross section. The translation-rotation coupling is quite
weak.
For the aldol product, results for the corresponding 3 × 3
blocks of D are
Dtt(aldol) =
*..,
1.39 −0.001 0.000
−0.001 1.22 −0.010
0.000 −0.010 1.19
+//- × 10
−2
, (8a)
Dtr(aldol) =
*..,
−0.01 0.33 1.12
−1.01 −1.28 0.68
−0.64 0.91 −1.08
+//- × 10
−5
, (8b)
Drr(aldol) =
*..,
3.56 −0.032 0.020
−0.032 2.28 0.052
0.020 0.052 2.19
+//- × 10
−4 (8c)
so that Dt = 1.27 × 10−2 and Dr = 2.68 × 10−4 (in the units
specified above). Noting the significant out-of-plane molecular
structure, the coupling in Dtt between y- and z-components is
no longer weak (and is actually now the strongest), although
Dtt is still near-diagonal. Similarly, Drr is also near-diagonal,
with the largest entry corresponding to rotation about the x-
axis. The translation-rotation coupling is again quite weak.
Results for the corresponding µ tensors for both PNB and the
aldol product which are used in the Langevin simulations are
given in Sec. S3 of the supplementary material.
Finally, one can estimate effective hydrodynamic radii
within a Stokes-Einstein-Debye framework from the relation
Reff = [(3/4)Dt /Dr]1/2 (in angstroms) following from (1). This
yields values of Reff = 4.8 Å for PNB and Reff = 6.0 Å for the
aldol product. These rough estimates are in good agreement
with the geometric size of the molecules and appropriately
reflect the larger dimensions of the aldol product. Also, this
type of crude analysis does provide insight into the relative
magnitude of diagonal entries in Dtt and Drr.
B. Passing propensity: Simulations and analytic
considerations
Computationally demanding Langevin simulations were
performed to precisely determine the passing propensity, P,
for four choices of effective pore diameters, d = dp(eff) = 1.5,
2.0, 2.5, and 3.0 nm (taken as the diameter of the cylindrical
pore in the simulations). These choices effectively cover the
experimentally relevant range.
For narrower pores closer to the critical diameter of
dc = dc(eff) = 0.93 nm for SFD, analytic theory will be used
to extrapolate the simulation results and similarly for large
d. We run a total number N trial of Langevin simulation tri-
als for a PNB and the aldol product pair with the difference
∆z of z-coordinates of tracking points initially separated by
∆z0 = +w (as described in Sec. II F). In each trial, the other
coordinates are assigned different initial values randomly sam-
pling the phase space of allowed values where molecules do
not overlap the pore walls. The simulation is run until either
∆z reaches +2w (separation) or −w (passing).P = Ppass is the
fraction of these trials where passing is achieved. The num-
ber, N trial, of trials required for accurate determination ofP
depends on the number of passing events Npass ≈ P N trial,
with uncertainty ±√Npass. Thus, e.g., forP = 0.025, selecting
N trial = 105 yields an uncertainty in P of ±2%. We select
N trial = 2 × 105 sinceP for the smallest simulated d = 1.5 nm
is close to this value. See Sec. S5 of the supplementary
material for further discussion of uncertainties. Precise values
forP obtained from using such large N trial will also facilitate
effective integration of these simulation results with analytic
theories, as described below.
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Another important technical issue for precise determina-
tion ofP is the selection of a sufficiently small time step, ∆t,
for accurate numerical integration of the Langevin equations
(5). Results presented in Table II indicate reasonable conver-
gence when the time step is decreased to below ∆t ≈ 0.1 (with
units corresponding to unity viscosity) so that Dt∆t is below
about 10−3 (cf. Ref. 34). Next, we provide a more comprehen-
sive picture of the variation of P(d) versus d by combining
the simulation results for ∆t = 0.01 with analytic insights into
behavior for d close to dc and for large d.
For small values of gap size, g, defined as g = d − dc, accu-
rate determination of the small values of P from Langevin
simulation becomes computationally expensive. Extremely
large N trial is needed to obtain sufficiently large Npass ≈ P
N trial required to reduce uncertainty. An effective alterna-
tive is to exploit insights from previous analyses of pass-
ing processes for simpler shaped molecules which utilized
simple and approximate Transition State Theory (TST)12
and also an exact Fokker-Planck equation formalism.34 TST
determines the (entropic) free energy barrier for passing as
δF ∼ −kBT ln(Ωmin), where Ωmin denotes the 10-dimensional
phase space volume for the two molecular species with ∆z
fixed at the transition state (TS) for passing. Ωmin at this
“crowded” TS is smaller than the phase space volume, Ω,
for other ∆z. Then, one hasPTST ∼ exp[−δF/(kBT )] ∼ Ωmin.
Analysis of the system geometry at the TS indicates that
PTST ∼ Ωmin ∼ gσTST , as g → 0, where σTST reflects the
number of degrees of freedom at the TS.24 One finds that
σTST = 2.5 for two spherical molecules, 4.5 for two spheroids,
and 8.5 for two general shaped molecules. However, analysis
of passing for simple systems based on the exact Fokker-
Planck equations, which are equivalent to the Langevin
equations, indicates that the exact passing probability satisfies
P ≈ Agσ = A(d − dc)σ , as g = d − dc → 0, (9)
where σ is significantly below σTST (e.g., σ = 1.7 rather than
σTST = 2.5 for two spheres).34 Thus, we adopt the form (9) for
the PNB + aldol product system. The parameters A = 0.272
and σ = 4 are selected to match both the value of P and its
rate of change with d, at d = 1.5 nm, as determined by the
Langevin simulation results. This σ-value appears consistent
with expectations from the above-mentioned comparison of
TST and Fokker-Planck analyses.
In Sec. II F, we have noted that P(d) → 1/3, as
d → ∞. For large d, the reduction in P from its asymptotic
value should scale like 1/d, so we adopt the approximate form
P(d) ≈ 1/3 − B/(d − d∗) and select the parameters B = 0.137
and d∗ = 1.5 to match both the value ofP and its rate of change
with d, at d = 3.0 nm, as determined from the Langevin simula-
tion results. An interpolation of simulation results, combined
TABLE II. Langevin simulation results for the passing propensityP(d).
∆t (nm) d = 1.5 d = 2.0 d = 2.5 d = 3.0
1.0 P = 0.0227 P = 0.1336 P = 0.2046 P = 0.2392
0.1 P = 0.0268 P = 0.1362 P = 0.2087 P = 0.2409
0.01 P = 0.0283 P = 0.1377 P = 0.2091 P = 0.2421
FIG. 5. Passing propensity, P(d), versus effective pore diameter, d, from
simulation and analytic formulations. The dashed horizontal line atP = 1/3
indicates the asymptotic large-d value ofP.
with the analytic forms for P(d) for larger and small d, is
shown in Fig. 5.
C. KMC simulation of a coarse-grained
stochastic model for reaction kinetics
In our stochastic modeling of the overall reaction-
diffusion process as described in Sec. II B, we select a pore
of 200 cells labeled n = 1–200 corresponding to a length of
L ∼ 200 nm, compatible with the typical MSN diameter. The
hop rates for reactant (and product) species, h = hR (and hP),
to adjacent unoccupied cells are related to Dt = 1/3Tr(Dtt) via
h = w−2Dt . Thus, based on the results in Sec. III A, we have
hR:hP = 1.611:1.269. We will assign hR = 1 and hP = 0.788,
which sets a time scale for the coarse-grained model. Actually,
this time scale is not relevant as we consider only quasi-steady-
state behavior. The key exchange probability, Pex = Pex(d),
characterizing the propensity for passing of reactants and prod-
ucts for various effective pore diameters, d, is determined from
Pex(d) = 2P(d)/[1−P(d)] withP(d) given in Sec. III B. The
results presented below consider a reaction with microscopic
reaction rate per cell, k, for conversion of reactant to prod-
uct. To recover experimental behavior, we find that k must be
selected to be well below the hop rates. We anticipate that the
reaction rate per cell should reflect the total number of catalytic
sites within that cell which in turn reflects the pore perimeter
length. Consequently, we set k = k0d with d in nm, and will
adjust k0, or equivalently k0/h (with h = hR = 1) to deter-
mine if the model can mimic experimental behavior. Finally,
we must also specify the rate of adsorption and desorption at
the pore openings. Rates for desorption from the end cell of
the pore are selected to be the same as for diffusion within
the pore. Our analysis focuses on the assessment of reactiv-
ity at the onset of reaction when conversion of reactant to
product in the external fluid is negligible. The reactant adsorp-
tion rate is selected to ensure that the reactant concentration
per cell inside the pore would equal a target concentration of
Xp per cell, which as noted in Sec. II A should significantly
exceed the reactant concentration in the bulk corresponding to
Xb ≈ 0.1.
In this model, we let 〈Rn〉 denote the mean probability or
“concentration” of PNB reactant in cell n and 〈Pn〉 the mean
concentration of aldol type product. Then 〈Xn〉 = 〈Rn〉 + 〈Pn〉
is the total (reactant + product) concentration per cell. This
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concentration is not exactly uniform,10 and thus adsorption
rates are chosen so that 〈Xn〉 is close to the target concentra-
tion Xp near the pore openings. These concentration profiles
can be extracted precisely from KMC simulation. Then, the
total reactivity, R, is simply obtained from the total amount
of reactant in the pore multiplied by the irreversible reaction
rate, k, asR = k∑n 〈Rn〉.
A key goal is to assess whether the experimental obser-
vation of a dramatic increase in yield upon increasing of
d from around 1.3 nm to 2.1 nm can be achieved in our
model. The variation of reactivity with pore diameter (and
other parameters) is non-trivial and not described by stan-
dard mean-field (MF) reaction-diffusion equations. However, a
qualitative assessment can be provided by generalized hydro-
dynamic (GH) formulation of reaction-diffusion kinetics in
these systems.11 See also Sec. S7 of the supplementary
material. This GH formulation indicates that the penetration
depth, Lp, of the reactant into the pore scales like Lp(SFD)
∼ (h/k)1/4 for SFD is in contrast to conventional MF reaction-
diffusion behavior Lp(MF) ∼ (h/k)1/2 which would apply for
wide pores. Reactivity measured here at the onset of reaction
scales likeR0 ∼ 2kLp, accounting for reactant penetration from
both ends of the pore. Thus, the mean-field enhancement of
initial reactivity relative to its SFD should scale like
E0(MF) = R0(MF)/R0(SFD) ∼ (h/k)1/4. (10)
Consequently, the desired large target values require suffi-
ciently large h/k, i.e., sufficiently small k, given our choice
h = O(1). One caveat is that the above results for Lp only apply
for pore length L > 2 Lp since otherwise Lp saturates at ½L.
As a result, R0 ∼ kL would be similar for SFD and for wide
pores. Thus, while k must be selected to be sufficiently small
to achieve large h/k and large E0(MF), it cannot be selected to
be too small.
Results of KMC simulations are shown in Fig. 6 for the
actual enhancement of initial reactivity relative to the SFD
FIG. 6. KMC results for the enhancement in initial reactivity,
E(d) = R0(d)/R0(SFD), versus d for Xp = 0.4 (top) and Xp = 0.8
(bottom). Note the difference in the y-axis range.
value, E0(d) = R0(d)/R0(SFD) ≥ 1, where R0(SFD) corre-
sponds to the value ofR0 for d ≤ 0.93 nm. Results are shown
for selected pore concentrations, Xp, which are significantly
above the external bulk fluid concentration of Xb ≈ 0.1 and
for a broad range of k0. It is clear that there are two require-
ments to achieve the experimentally observed strong increase
in yield and thus reactivity, upon increasing d from 1.3 nm to
2.1 nm. The first is that the reaction rate should be selected
close to an optimum value of around k0 ≈ 0.001. For larger
k0 (and thus smaller h/k), the variation of reactant penetration
depth, Lp, with d is insufficient to produce the large variation
in reactivity. On the other hand, for smaller k0, one has that
Lp ∼ ½L, so again reactivity displays a weak dependence on
d. The second requirement based on the results in Fig. 5 is that
the reactant concentration interior to the pore must be suffi-
ciently high. Results for other values of Xp shown in Sec. S7
of the supplementary material fit the trend illustrated in Fig. 5
with the normalized reactivity, E0(d), for k0 = 0.001 increas-
ing smoothly as a function of Xp. Behavior for Xp above about
0.4 appears consistent with the experiment. A comparison of
the variation of concentration profiles for SFD (d ≈ 0.93 nm)
and for d = 1.3 nm and 2.5 nm is shown in Fig. 7 for the case
Xp = 0.40. There is a strong enhancement in the penetration of
the reactant into the pore with increasing d.
Since only the reactant concentration in the external fluid
outside the pore is readily determined, it is not straightforward
to confirm our prediction regarding the internal concentration.
However, we have provided two reasons in Sec. II A as why sig-
nificant enhancement is expected. In principle, MD simulation
of the complex pore + internal and external fluid system with
realistic potentials could provide insight into this issue. With
regard to our prediction of low k0, we are not aware of previous
estimates. However, conventional assessment would be based
on traditional mean-field analysis of measured kinetics which
is not appropriate for this system with inhibited passing. Our
modeling framework in principle provides a more reliable way
to extract reaction rates.
The above analysis considers only the reactivity, R0(d),
at the onset of reaction versus d rather than the reaction yield
measured in terms of conversion, αf (d), after tf = 2 h as
FIG. 7. Reactant (〈Rn〉), product (〈Pn〉), and total (〈Xn〉 = 〈Rn〉 + 〈Pn〉)
concentration profiles for three different pore diameters with Xp = 0.4 and
k0 = 0.001.
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measured in the experiment. To connect the above results to
the reaction yield, we exploit the result for our model that
the reactivity, R(α), for conversion α should have the form14
R(α) = R0(d) (1 − α). Thus, one has d/dt α = c R(α) which
can be integrated to obtain the yield, αf (d), at time t = tf which
is given by αf (d) = 1− exp[−K f E(d)], where K f = cR0(SFD)
tf . Thus, the enhancement in yield upon increasing d above the
SFD regime satisfies
αf (d)/αf (SFD) = (1−exp[−Kf E0(d)])/(1−exp[−Kf ]), (11)
where E0(d) = R0(d)/R0(SFD) ≥ 1 is the enhancement in
initial reactivity, as given above. The enhancement in yield
is somewhat below E0(d) but still substantial, consistent with
experiment. See Sec. S8 of the supplementary material for
further discussion.
IV. CONCLUSIONS
The above analysis successfully demonstrates that the
substantial enhancement in yield for PNB conversion to
aldol for a modest increase in pore diameters in amine-
functionalized MSN can be reasonably tied to a strong varia-
tion in the passing propensity for reactant and product species
over this range of diameters (the narrowest of which is close
to the onset of SFD). Certainly, we cannot completely rule
out other factors such as dependence on the pore diameter
of the activation barrier for reaction or on different ordering
in the solution-phase. However, we expect these dependen-
cies to be relatively weak. We emphasize that this connection
between yield and passing propensity can only be made by the
utilization of an appropriate multiscale modeling framework.
Passing of reactant and product species within narrow
pores requires orientational alignment. Consequently, accurate
assessment of passing propensity,P, requires the development
of a Langevin formulation incorporating appropriate treatment
of the associated translational and rotational diffusion. Precise
simulation results forP facilitate integration of insights from
an equivalent Fokker-Planck formulation. This in turn pro-
vides a comprehensive picture of passing propensity including
behavior in the regime of narrow pores close to the thresh-
old for SFD. In addition, consistent formulation P-values and
inputs into coarse-grained models are required to treat the
overall catalytic reaction-diffusion process on the appropriate
time scales and length-scales. This ultimately enables reliable
assessment of the consequences of the increase in P for the
enhancement in experimentally measured reactivity and yield.
Certainly, our treatment has included simplifications
regarding molecule and pore geometry and their rigidity, a
hydrodynamic treatment of diffusivity, and maximally-coarse
spatial coarse-graining (where the latter can be straightfor-
wardly refined51). However, we believe that our basic insights
are reliable. This work constitutes the first such effort inte-
grating various non-trivial and diverse theoretical approaches
to achieve system-specific multiscale modeling address basic
issues for catalysis in nanoporous materials.
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